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^ : 1 Introduction 



In this article we consider the elliptic system 

EE«ifx...w = /'(^), (fc = i,2,...,di) (1.1) 



and the parabolic system 

d di 

u1{t,x)^J2Il''krit)<'.At,x)+fHt,^), (fc-1,2,... (1.2) 

defined for t > and x e M'^. 

In the study of partial differential equations (PDEs) or of partial differential systems (PDSs) 
regularity theory play the key role of describing essential relations between input data and the 
unknown solutions; the sharper the theory is, the more understanding of the relations we get. 

The primary goals of this article are to introduce some new mathematical tools and ideas which 
are useful in the study of systems in Lp-spaces involving weights and to provide another nice regu- 
larity theory for these systems. 
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In this article we use weighted Sobolev spaces for the unknown function u = {u^, ■ ■ ■ , u'^^) and 
the inputs f''. The need to introduce weights comes from, for instance, the theory of stochastic 
partial differential equations (SPDEs) or stochastic partial differential systems (SPDSs), where a 
Holder space approach does not allow us to obtain results of reasonable generality and Sobolev spaces 
without weights are trivially inappropriate (see [H] for details). To study such stochastic systems one 
has to develop a nice regularity theory for the corresponding deterministic systems in advance. Also 
Sobolev spaces with weights are very useful in treating degenerate elliptic and parabolic equations 
(see, for instance, jl6j ) and in studying equations defined on non-smooth domains such as domains 
with wedges (see, for instance, [5l [TBI (18) ). 

In principle there are three main methods for Lp-thcory: multiplier theory, Calderon-Zygmund 
theory and the pointwise estimate using sharp functions. Multiplier theory fits well when the princi- 
pal operator is almost Laplacian and the equation under consideration is defined on the entire space, 
and Calderon-Zygmund theory works well when there exists an integral representation of solutions 
and the integral is taken over R" for some n. However, these two methods do not fit our case since 
we are dealing with weighted Lp-theories for systems and defined on a half space. Thus we 
use an approach based on pointwise estimates of the sharp function of second order derivatives, but 
unlike the standard theory (for instance, [l^) we need to use the weighted version. The elaboration 
of this approach is one of our main results. 

We also mention that if di = 1 then weighted Lp-thcorics for single equations defined on a half 
space can be constructed based on integration by parts without relying on sharp function estimations 
(see the proof of Lemma 4.8 and Lemma 6.3 of [10]). However it seems that the arguments in the 
proof of Lemma 4.8 and Lemma 6.3 of [lOj cannot be reproduced for Lp-theory of systems unless 
p ~ 2 and some stronger algebraic conditions on A''^ are additionally assumed. 

Interestingly, we discovered some very useful tools in the perspective of linear Partial differential 
equations/systems theory. Even though, in this article, we only consider the systems with coefficients 
independent of x, the sharp function estimates and the tools used to derive them will naturally lead 
to many subsequent works studying, for instance, elliptic and parabolic equations and systems with 
discontinuous coefficients defined in an arbitrary domain U of M^. In this context, we refer the 
readers to very extensive literature [l^ and recent articles [H [U [3l H E] (also see the references 
therein), where (standard) Lp-theories are constructed for single equations with VMO (or small 
BMO)-coefRcients. 

The article is organized as follows. In section[2]wc prove the Fefferman-Stcin theorem and Hardy 
Littiewood theorem with our special weights; the proofs are quite elementary. In section |3] we 
introduce weighted Sobolve spaces and formulate our regularity results for the systems. Theorem 
13. 101 and Theorem 13. 131 The useful tools and ideas for proving Theorem 13 . 101 and Theorem 13. 131 are 
in section m and [Sj the local estimations and the sharp function estimations. Finally Theorem 13. 101 
and Theorem 13.131 are proved in section |6l 

As usual R'' stands for the Euclidean space of points a; = {x^,...,x'^) and R^ = {x e R"^ : > 0}. 
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For i = multi-indices a ~ (ai, q^;), ai E {0,1,2,...}, and functions u{x) we set 



D^u, \a\ = ai 



ad- 



By 6'^^ we denote the Kronecker delta on the indices k, r. If we write N = N{- ■ ■), this means that 
the constant N depends only on what are in parenthesis. 

The authors are sincerely grateful to Ildoo Kim for finding few errors in the earlier version of 
this article. 

2 F-S and H-L theorems in weighted Lp-spaces 

Denote 



{{t,x) = {t,x\x'^,...,x'^) : x^ > 0}. 



Also, by B{M.'^) and B{il) we denote the Borcl tr- algebra on and respectively. Fix a € (— 1, oo) 
and define the weighted measures 

i'{dx) = Vaidx) = {x^)°'dx, dji = ^aidtdx) :~ i'a{dx)dt. 

Then {W^ , B {M.'^) , v) and {Q, B{fl), ^) are measure spaces with v{K^) = n{n) = oo. Let p G [l,oo) 

resp.) be the collection of Borel-measurable functions 
u = {u^,. . . , u'^^) defined on (on R^j. resp.) satisfying 



IIP 

\\L^(n,ti) 



■x) < oo, respectively 



Denote 

B"{n) := {C e B(n) -. \C\ -.= m(C) < oo}, B^iRl) := {D e S(M^) : \D\ := < oo}. 

We say / G Lijod^^, fJ-', K'^O if f^c G Li{il, ^l) for any C G where Ic is the indicator function 

of C. For / = (/!,..., /''i) G Li(r2,^;M'*i) and C G B^(9) we define 



Similarly write h G -Li, 



loc\ 



W\ Ic ^'^^'^j^^'^^ = (£ ^''^^'^ ■■■4c ^'^'^^J 

r'l) if hiD G Li{W{,v) for any D G ^"(M^), and define 



hn :— T— ( hv{dx) ~ J- hi'{dx) = (J- 
\^\ Jd Jd \Jd 



iy{dx),...,{ h^^vidx) 

D 



Let (C„, n G Z) denote the filtration of the partitions of defined by 



lU"' 4" / 



ii ii + l 



id id + 1 



) : ^o,^2,...,M € Z, h G {0}Un}, 



and {Bin,n G Z) be the corresponding filtration of the partitions of R'J_, that is, 



1 1. 2"' 2" / 



id_ id + l 
2" ' 2" 



) : io,i2,---,id G Z, ii G {0}UN}. 
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For any (t, x) G fl, by Cn{t, x) {Dn{x) resp.) we denote the unique cube in C„ (in D„ resp.) contain- 
ing {t,x) {x respectively). Let L ~ L(51) (resp. L(M5^)) denote the set of R'*! -valued continuous 
functions with compact support in £7 ( in M.i^ respectively). 

Lemma 2.1. (i) We have inf(7gc„ \C\ — )■ oo as n ^ —oo and, for any f G L(f2), lini„_yoo fc„(t,x) = 
f{t,x) holds for any {t,x) G fl. 

(a) We have iniueo„ \D\ — > cx) as n — > — oo and, for any f G L(M'J_), lim„_>oo /l>„(2;) ~ f{^) 
holds for any x G M"? . 



Proof. It is obvious since / is continuous. 



□ 



Lemma 2.2. (i) For any C G C„ there exists a unique C G C„_i such that C d C and 

1^ < N{a) < 00. 

(ii) For any D G D„ there exists a unique D' G D„_i such that D <Z D' and 

\D'\ 



\D\ 



< N{a) < oo. 



Proof. We only prove (i). Since C„_i is a partition of 17, only one member of it contains C; we call 
it C". Let 



C 



io _ io + l \ r »i »i + i \ 
1 ' 4n-l J ^ 2"~i ' 2"~i / 



ii ii + 1^ 



id «d + 1 



In-l ' On-l 



Then we have 



\c'\^nic') = 



1 



'1+1 

2"' — 1 



2(£i+i)(n-i) y 
1 1 



n 1 



2(rf+l)(«-l) q;-|-1 



a+1 



a+1 



Note that C is one of 4 • 2^* cubes belonging to C„ inside C" and by the location of C we have either 



\C\ 



1 



2{d+l)n 



I -I \ Q+1 / ■ I -I -I \ Q+1 



9ri — 1 



9n— 1 2^ 



(2.1) 



or 



|C| = 



1 



2(d+i)n a 4-1 



ii + 1 _ l_ 
2"-i 2" 



a + 1 



«1 



Q + 1 



(2.2) 



Case 1: Let zi > 1 and a > 0. Denoting 



ii + 1 , ii ti + 1 1 

a = — — = - — T. c - 



In-l 



2n — 1 ' 2^^^"'" 2^ ' 



(x) =x"+\ 
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we get 



\C\ ■ 0(a) - 0(c) °' ■ 0(c) - 0(&) 



2-^ri + 44) or 2-^fl + ^) 
0'(a)y V 0'(/3)/ 



d+1 , 0(a)- 0(c) \ 
V ^ 0(c) -0(6); 



(2.3) 



where a, /3 are some numbers satisfying b < /3 < c < a < a; wc used mean value theorem. Since 
a + 1 > 1, the function (f> is convex and increasing on (0, oo). Hence, we have 

0'(/3) < ^ 0>) < 0>) ^ ^ ^ < 2" 



0'(a) - ' 0'(^) - 0'(6) 6" V n 
and therefore 

Ij^ < 2''+i(l + 2") < 2"+'^+^. 
Case 2: Assume = and a > 0. By similar but simpler calculation we obtain 

l^'l ^ r,a+d+2 

\c\-^ 

Case 3: Assume a € (—1,0). If \C\ is given as in p.2p . then since (j){x) is concave, 

/n+lN^+i t ii 
(2^; - [2^) < 2 



Let |C| be given as in (12.11) . If ii = 0, then 



\2"-i/ V2"-i 2"/ 



and if ii > 1 then since is concave and 0' is positive on (0, 00) 



(ii±i)"+i - (ii±i - ^)"+^ - 2-"0'(#rti) 
The lemma is proved. □ 

Remark 2.3. (i) By Lemma [2?1] Lemma [2?2] and the outline of Section 3.1, 3.2 of [13] we get Lemma 
12.51 Theorem 12 . 71 and Theorem 12.81 below for free. 

(ii) if C„ e C„ and Cm e C,„ with n < m, then C„ n = C,„ or 0. 

Definition 2.4. We call r = T(a;) e Z U {00} a stopping time if {x : r(x) = ri} = or union of 
some elements in C„ for each n G Z. 
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For / € Li,/oc(f^,Ai;K'^0> ^ ^ i^, R^'O and n £ Z we define 

f\n{t,x) := ] I f{s,y)fi{dsdy) / f{s,y)^j.{dsdy), 

^\^^^^ ■= ,,/r) !^ / HyMdy) = / h{y)v{dy), 

and 

Lemma 2.5. Let {Cn ■ n e Z} 6e a filtration of partitions of CI. 

(i) Let g G Li./oc(^^, l^^); 5 5^ bkc? tet t be a stopping time. Then 

g\^{t,x)Ir<oo{t,x)fi{dtdx) = / g{t,x)Ir<oo{t,x)fi{dtdx), 

Jn 



g\r{t,x)iJL{dtdx) = / g{t,x)^{dtdx). 
n Jn 

(ii) Let g € Li(fl, ^;M.^), g >0 and let X > be a constant. Then 

T(t, x) := inf{n : g\n(t, x) > A} (inf :— oo) 

is a stopping time. Furthermore, we have 

< g\r{t,x)Ir<oo < NoX, \{{t,x) : T{t,x) < (X)}\ < X~^ / g{t,x)Ir<ooKdtdx). 

Jn 

Remark 2.6. (Riesz-Calderon-Zygmund decomposition) Any g e Li{Q., is decomposed by 

where ^ = g — g^-ri V ^ 9\t = 9\t It <oo + g\T It=oo- Moreover, we have (i) 77 < N^X a.e. (ii) 
\{{t,x) : e(t,x) ^ 0}| < A-i||.glU,(n,^) (iii) C,, = 0. 

Now, for / e Li^;oc(^^, l^'^^ ) define the maximal function 

Mf{t,x) := ( sup |/^||„(t,x), ... , sup |/'*i||„(t,a;) ) 

\n<cxD n<oo / 

and the sharp function 

f*{t,x) ^ I sup -f \f\s,y)^f^s,y)\^l{dsdy),..., sup/ \f''-{s,y) - f^^{s,y)\fi{dsdy) 

yn<ooJc„{t,x) n<cxiJc„{t,x) j 

We define M.h{x) and h'^{x) similarly for functions h = h{x) € Li,;of,(IR.'^, j^; M'^^ ). 

Theorem 2.7. Let p € {I, 00). Then for any f e Lp{Q., and h e Lp{W[,v;W^^), we have 

il-^/llLp(f2,^;R<'i) < ^ll/llLp(0,/i;K''i)i ll-^'i|lLp(ffi^,i/;R<ii) < ^ll^llLp(K^,i/;R<ii) 

where N = ^^(6*,^, d,di). 



Theorem 2.8. Let p e {l,oo). Then for any f e Lj,{VL, ^]W^^) and h e Lp{W[,v]W^^) we have 

ll/llLp(n,M:M'*i) - ^\\f*\\Lp(n,tj.-M'^i)i \\h\\Lj,(K.%,v-«.'ii) < ^11 II Lp(M| ,iy;R''i ) 

where N = N{e,p,d,di). 

We investigate the relation between our maximal and sharp functions and more general ones. 
Let B'j.{x') denote the open ball in Mf^^^ of radius r with center x' . For x = {x^ ,x') e M.j^ and t e R, 
denote 

Brix) = Brix^,x') = {x^ -r,x^ +r)x B'^{x'), Qr{t,x) {t,t + r^) x Brix) 
and Q be the collection of all such open sets Qr{t, x) C fl. For / e Luod^, /i : K'^^ ) we define 



fQ^ffdf,, Mf{t,x)= sup f fdfi, iffit,x)= sup f\f-rQ\dfx, 1 = 1,. ..,di, 

JQ (t,x)eQjQ (t,x)eQjQ 

where the supremum is taken for all Q G Q containing (<, x). Denote 

M/ := (M/i, . . .,Mf'), f ■■= . • . , (/'O*)- 

For functions h E Li,;oc(IR-+, i^, R'^Oi tie functions M/i(a;) and {h)'^{x) are defined similarly. 
Lemma 2.9. For a scalar function g = g{t,x) and h = h(x) we have 

g*{t,x) < N g'^{t,x), h*{x)<Nh^{x) 

where N = N{e,p,d). 

Proof. We only prove the first assertion. For {t,x) € f2, denote the corresponding unique cube 
Cn{t,x) e C„ by 



io io + 1 



4" ' 4" 



X 



ii ii + 1 



2"' 2*^ 



X • • • X 



id id + l 



where io,i2,---,id e Z and ii G {0} U N. We define Q(n){t,x) := Q^{t*,x*) with t* = ^ and 
x* = We have {t,x) S C„(i,a;) C Q(„)(i,a;) and 

IQ(n)(^^^)l _ n fa+2rf)"+l-Zr^ 

by simple calculation. If ii = 0, is A^(d)(2(i)"+i; if ii > 1 and a > then ((^ is less than or 
equal to 

N{d) ■ (2d) (^^^Y^) - ^^'^^ ■ ^^'^^ ■ + 

by mean value theorem. If a e (—1,0) then we use the concavity of a;"+^ to prove that (2.4) is less 
then A^(d)(2d)"+^ The lemma is proved. □ 
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Lemma [^7^ and Theorem 12.81 imply the followmg version of Fefferman-Stein theorem: 

Theorem 2.10. {Fefferman-Stein) Let p e (l,oo). Then for any f e Lp{il,, fi;M.'^^) and h G 
Lp(R^,i^,M'^i), we have 

ll/llLp(a,^;lR'ii) < ^ll/''llLp(a,^.;K'ii): II ^11 Lp(R^ ,iy;K''i ) ^ ^11 II Lp(R^,iy;lR''i ) 

where N = N{e,p,d,di). 

The following lemma will be used in the proof of Theorem 12.121 below. 
Lemma 2.11. Let a > —1 and 4>{x) ~ on x > Q. Then for any x > and r > we have 

4>{x + 2r) - (})[x + r) ^ ^^^^ 
4>{x + r) — 4>{x) ~ 

Proof. If a G (—1,0] the claim is obvious since 4> is concave. 
Assume a > 0, fix r > 0, and define 

4>{x + r) — (j){x) 

We show that f'{x) < for a; > so that f{x) < /(O) = 2"+^ - 1; note that /(O) does not depend 
on r. A simple calculation shows 



2(a; + 2r)"x" - (x + 2r)°(x + r)" - (x + r)"a;" 
{{x + r)°+i - 

The numerator in (|2.5p is 

X"" + (x + 2r)-" 



2-x"(x + r)"(x + 2r)' 



(.T + rY 



(2.6) 



Since the function x " is convex and a; + t" is the midpoint of x and x + 2r, the square bracket in 
()2.6p is non-positive and so is f'{x). The lemma is proved. □ 



Theorem 2.12. {Hardy-Littlewood) Letp G (l,oo). Then for f e Lp{n, fi]R'^^) andh e Lp(R+, i', M''i ) 
we have 

IIWIlLp(Ji,M.;M''i) ^ ^ll/llLptn.MlR"*!)' II^^IIlp(R^,<^;R''i) ^ ^11 '^11 Lp(R^ ,i/;R'^i ) ■ 

Proof. Again we only proof the first assertion. We follow the outline for the proof of Theorem 3.3.2 
which does not involve a weight in the norm. Without loss of generality we assume di = 1 and 
.9 := / > 0. 

For A > 0, denote A{X) := {{t, x) : M.g{t, x) > A}. Then since Mp is lower semi-continuous, A{X) 
is open. To prove the theorem it is enough to show that for any A > and compact set K C ^(A) 

N f 

l^i^l < -r / lA{X){t,x)g{t,x)n{dtdx), 
^ Jo 
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where N = N{9,p,d). For the details see the proof of Theorem 3.3.2 of [T3]. 

For any {t,x) e K there exists Q containing {t,x) such that j^gdji > X\Q\. Also, we observe 
that Q C ^(A) and there exists a finite cover {Qi, . . . , Qn} of K such that 

gd^j, > X\Qi\. 

Qi 

For = - ir2, t + ir^) x {x^ - r, .t^ + r) x B;(a;') £ Q, denote 

3Q := - i + ^r^) x (a;^ - 3r, x^ + 3r) x 
When Q is close to the boundary of fi, 3(3 may not be in O. Hence, we define 

Q* = 3Qnn. 

Using a Vitali covering argument one can find the disjoint subset {Qi, . . . , Qk} of {Qi, . . . , Qn} 

satisfying K C Uj=i Qj i^'^'-^ ^^"^ proof of Theorem 3.3.2 of [H]). To measure \K\ we compute the 

ratio For Qj = (t - ^, t + 4) x (^^ - ^> 3;^ + r) x wc have 

I Qj I 

IQ/I ^ 3d . 0(x + 3r) - </.((x - 3r) V 0) 
\Qj\ <l>{x + r)- <j>{x - r) 

where (/)(a;) = x^~'^'^p~^^ and aV b := max{a, b}. We note 

0(a; + 3r)-0((a;-3r)VO) 
+ r) — 0(a: — r) 

- r) - - 3r) V 0) + (/)(a; + r) - 0(a; - r) + 0(2: + 3r) - 0(a; + r) 
0(a; + r) — (f>{x — r) 

~ (t>{x + ?') — — r) ' 

where the last inequality is true since cf) is increasing and convex. Now, Lemma 12.111 with x — r, 2r 
instead of x, r implies (|2.7p is less than or equal to 2 + 2"+^. Hence, we have 

\Qj I 



< 3^* • (2 + 2"+^), IQ, I < 3^^ • (2 + 2"+^)|Q, 



Thus, 



< ^|Q/|<3''.(2 + 2"+i)^|Q 



A; 

< 3^^ • (2 + 2"+i)A-i V / < S'^ • (2 + 2"+i)A-i / .g/^j,, d^. 

j=i JQj Jit 

The theorem is proved. □ 
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3 A weighted Lp-theory for systems in a half space 

Let C^(R'*;R''^) denote the set of aU R'^i -valued infinitely differentiable functions with compact 
support in M''. By T) we denote the space of d-dimensional distributions on C^(]R''; M''^); precisely, 
for li e P and e C^{W^\W^^) we define (u, </«) e W^^ with components {u,4>Y = {u^,(t>^), 
fc = 1, . . . , di; each is a usual scalar- valued distribution. 

For p E (l,oo) we define Lp = Lp{R'^;'R'^^) as the space of all R'^^-valued functions u = 
(m^, . . . , u'^^) satisfying 

IK, ■.=f:\\u'\\i<^- 

k=l 

Denote x = {x^ , . . . , x'^). In this paper we define 

d d 



k IIP - 



i—1 — l 



For any 7 S R, define the space of Bessel potential = _ffjJ(R;R''i) as the space of all distri- 
butions u on R'' such that (1 — A)'^^^u S Lp, where each component is defined by 



((1 - Ay/^u)'' = (1 - Ay/'^u'' 



and the norm is given by 

\\u\\Hr.= \\{i-Ar/ML,- 

Then is a Banach space with the given norm and C^(R''; M.'^'^) is dense in (see [E]). Note that 
are usual Sobolev spaces for 7 = 0, 1, 2, . . .. It is well known that the first order differentiation 
operator, D : — )■ H^^^, is bounded. On the other hand, if supp (u) C (a, 6), where —00 < a < 
b < 00, then 

\\u\\h; < c{d,a,b)\\u^\\jj^-i (3.1) 

(see, for instance. Remark 1.13 in [TO]). 

Now we introduce the weighted Sobolev spaces taken from [10] and [17]. Take a nonnegative 
real- valued function ({x) = ({x^) € C^(R+) such that 

CJO 

X C(e"+') > c> 0, V.S e R, (3.2) 

n— — CJO 

where c is a constant. Note that any nonnegative function ( with ^ > on [1, e] satisfies ()3.2p . For 
6* e R, let H^g := H^giWi^; W^^) denote the set of ah d-dimensional distributions u = (u\ u^, ■ ■ ■ u'^^) 
on W\_ such that 

ll'^ll^ :=E^"'IIC(-He"-)II^. <«^- (3.3) 

riGZ 



It is known that for different ( satisfying p.2p . we get the same spaces g with equivalent norms 



and for any r] € C^(R+; R), 

CXD 00 

X e"'M-)u{e"-)r^.<N X e"'llC(-)"(e"-)ll^., (3-4) 
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where N depends only on 7, 0,p, d, di, rj, C. Furthermore, if 7 is a nonnegative integer, then 

^ E / K^T^D^u{xW{xy-Ux. (3.5) 

Let M" be the operator of multiplying by (x^)" and M := M^. For i/ G (0, 1], denote 

II I ^ M r 1 Hx)-u{y)\ 

\u\c = sup [wjc-=sup — , _ . — . 

xeM'l x^v 1^ y\ 

Below we collect some other important properties of the spaces H^g. 
Lemma 3.1. {[W\, [H]) Let 7, 6* G M and p € (l,oo). 
(i) Cg°{Rf;R'^^) is dense in H^g. 

(ii) Assume that 7 = m + v + d/p for some m = 0, 1, • • • and v G (0, 1]. Then for any u G Hjg 
i G {0, 1, ■ • • , m}, we have 

\A'P+^/PD'u\c + [M"'+''+^/PD"'u]c^ < NWuWh.^. (3.6) 

(iii) LetaeM.. Then M°'H^g^^^^ = W^g and 

(iv) For any MD,DM : g -> Hp^e^ o-f^ hounded linear operators, and 

\\u\\h-< <iV||w||^.-i +iV||Mu,||^.-i <N\\u\\h-^ 

V-O p.ff p. 6 Vr^ 

Mh-, < iV||u||^. 1 +iV||(il/u),||^. 1 < N\\u\\h. 
Furthermore, if 9 ^ d — 1^ d — 1 ^ p, then 

\\u\\h- <N\\Mu,\\^.^-i, \\u\\h- <N\\{MuU^-,-i. (3.7) 

(v) For z = 0, 1 let K Cz [0, 1], pi G (1, oo), 7^, 9i G K. and assume the relations 

1 K 1 - K 9 0lK 0o{l - k) 

7 = K71 + (1 - k)7o, - = \ , - = \ . 

P Pi Po P Pi Po 

Then 

Remark 3.2. Let G (d — 1, d — 1 + p) and n be a nonnegative integer. By Lemma |3. II {Hi), {iv) 

||M-"z;||h.^ <7V||I?"H|^.-„ (3.8) 
for any v G C^{R'^; M'^i ). Indeed, since 6 + mp d — l,d — 1 + p for any integer m 

< N\\Ar^v\\H^ <iV||«.||^.-i 

P^(^ P,6'-(ti-1)p p,e-(n-l)p 

< N\\M~\^\\„y-i < A^||i:'2^||„^-2 
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For — oo<5<r<oo, we define the Banach spaces: 
M;,iS,T) ■.^Lp{{S,T),Hl,), Ul,{T) :=H;,(0,T), Lp^e(5,r) -.^ H%{S,T), L^,(r) :=L;,(0,T) 
with norms given by 

II"I1h-, (s,T) = ^ M^Wh;/^- 

Lemma 3.3. For 4>,il} £ C^{{S,T)xW\:), define {<P,tP) = /J J^a^(j){s,x)ip{t,x)dtdx. Forpe (l,oo) 
and 7, g M, define ^' ,p' , 0' so that 

11 9 9'^ 

i ^-1. - + - = 1, - + - = d. 
p p p p 

Then for any (j) G C{^{{S, T) x WD 

MWi ,{s,T) < N sup II ./'^''^^ < N\\(t>\\a. 

4:ecg-iis,T)xR'l) W\\m-'',(s,t) 

where N is independent of (j). Moreover the relation {(f), ijj) can be extended by continuity on all 
4> G Hp g{S, T) and ijj G H^, g,{S, T), and then it identifies the dual to ^(5*, T) with H^, g,{S, T). 

Proof. Sec Theorem 2.5 of [IT]; this actuaUy proves the duahty between H^^ and H^, g,, but the 
proof of our claim is essentially the same. The only difference is that one has to consider integrations 
on the time variable, too. □ 

Finally, we set g := A/^^^/^i/J^^^^, meaning that any u G g has the form u = M^^'^^p ■ v 
with V G H2^^^^ and IjuHu^ || A/^-'+^/''w|| „j-2/p — \\v\\ „-y-2/p. Using these spaces, we define our 

^' p" p,e p,e 

solution spaces. 

Definition 3.4. We write u G iO^,e^(5',T) if w G Amj;+^(S', T), u{S,-) G t/J.^^ (w(-oo, •) if 
S ~ — oo), and for some / G M~^M^^ g{T) it holds ut = f in the sense of distributions, that is for 
any G C^{R'^]R'^^) the equality 

{u{t, •), ^) = {u{S, •), cb)+ f {f{s, •), ^)ds (3.9) 

holds for all t G {S,T). In this case we write ut ~ /. The norm in T) is defined by 

ll"llfl-+/(s,T) = P^"^"IIh^+/(s,t) + P-^wJh^ ,(s,T) + li"(5', ■)\\u;y-- 

Define ^,;+g'iT) ■.^^;^'iO,T) and io^^^ :^ io;+^(0, ex.). 

Theorem 3.5. (i) The space SS^^'^g^{S,T) is a Banach space, 
(ii) Let < T < oo. Then for any u G i3^'^^(r), 

sup|lw(t)||ij^+i < N {d,p,9 ,T)\\u\\ -,+2,^y 
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(Hi) Let < T < oo. For any nonnegative integer ?^ > 7 + 2, the set 

00 

k=l 

where Gk = (l/fc,/s) x {\x'\ < k} is dense in Sj'^'^'^ (T) . 

Proof. Sec Theorem 2.9 and Theorem 2.11 of [14]. □ 

Here are some interior Holder estimates of functions in the space i3p^^(T). 

Theorem 3.6. Let p > 2 and assume 

2/p<a< P<1, + l3-d/p=k + e, 

where k G {0, 1, 2, • • • } and e G (0, 1]. Denote a ~ l3 — 1 + 9 /p. Then for any u G SS^'^g^{T) and 
multi-indices i,j such that \i\ < j and \ j\ ~ k, 

(i) the functions D^u{t,x) are continuous in [0,T] x R'|_ and 

Kr+\'\D\L{t, ■) - M^+^'^D'uiQ, ■) e C"/2-i/p([o, T], C(R^)); 

(ii) there exists a constant N ~ N{p,d,a, 13) so that 



sup 

t.s<T 



|t_s|"/2-l/p |^_5|a/2-l/p 

< NT^P--^/^\\u\\^.^.^^y (3.10) 

Proo/. Sec Theorem 4.7 of [H]. □ 

Remark 3.7. (see Remark 4.8 of [8] for details) For instance, if = d, 7 > —1 and = 1 — j — j >0, 
then for any k g (0, kq) and u € Jo^ g{T) with u(0) = 0, 

\u{t,x)~u{t,y)\ 

sup sup j j < 00. (3.11) 

t<Tx,ym% \x-yr 

\u(t, x) — u(s, x)\ ,„ 
sup sup ' ^ / , ,V < (3-12) 

^6R^s,t<T \t-s\'^l^ 

Indeed, for p. lip take j = 0, (3 = ko — k + 2/p and e = 1 — /3 — d/p = k = —a, then ct + |j| + e = 
and ([XTU)) yields ([XTT]) . Also for ((XT^ . take z = 0, a = k + 2/p,/3 = 1 - d/p then ct + |i| = 0, 
2/p < a < /? < 1 and a/2 - l/p = k/2. 

For any di x di matrix C = (c^^) we let 



\C\ 

We set A*-' = {a]^^)k,r=i di for each i, j — 1, . . . , d. Throughout the article we assume the followings. 
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Assumption 3.8. For each i and j, A^^ depends only on t and there exist finite constants S,K > 
so that 

d 

s\e < E (^')*^'' (3.13) 

for all (real valued) di x d-matrix ^. where ^* denotes the i-th column of ^. Also, there exists a 
constant K < oo such that 

\A''\<K, y t,j = l,...,d, (3.14) 
where * means matrix transposition. 
We recall (|1.2p and write it as 

u^ = atit)K,,:+f, ^i''{S)=4. fc = l,2,... (3.15) 

assuming the summation convention on indices i,j,r; such convention will be used throughout the 
article. In short, we will write p.l5|) as 

ut = A'\t)u,^^,, + /, u{S) = uo, (3.16) 

where we regard u, uq, / as di x 1 matrix- valued functions. 

Definition 3.9. A d-dimensional distribution- valued function u defined on {S,T) is a solution of 
(IM) in f:,iy{S,T) if u e Mm1+^{S,T), u{S) G (w(-oo, •) := if 5 = -oo) and (l3l6l) holds 

in the sense of distributions, that is (|3.9p holds with / ~ A^^u^i^j + f. 

The following is our Lp-theory for the parabolic system p.l6p . The proof is given in section [6l 

Theorem 3.10. Let p E {1, oo) and 7 > 0. Assume 6 E {d + 1 — p, d + p — 1) if p E (1,2] and 
ee{d-l,d+l)ifpe (2, 00). Then for any f £ M''^mlg{T) and uq & U^^^ system l[^Jd\) admits 
a unique solution u € ^Jp'g^iT), and for this solution we have 

||u||^.+=(T) < N (||A//||h.^(j,) + \\uo\\u.y) , (3.17) 

where N = N{"f,p, 9, 5, K). 

Remark 3.11. Various interior Holder estimates of the solution in Theorem 13.101 can be obtained 
according to Theorem 13.61 Also see Lemma 14.111 and Lemma 14.141 

Remark 3.12. (i) The proof of Theorem 13. 101 is based on a sharp function estimate (Lemma l5.7p . If 
di = 1, then Lemma 15.71 can be proved for any 9 £ (d — 1, — 1 + p) as long as p > 1; we will prove 
this in a subsequent article for parabolic equations with (weighted) BMO-coefficients. 

(ii) It is known (see Remark 3.6 of [14]) that if 6* ^ (rf — 1, d — 1 + p). then Theorem 13.101 is not 
true even for the heat equation ut = Au -I- /. 

Now we present our Lp-theory for the elliptic system (|1.1[) . The proof is given in section [51 
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Theorem 3.13. Let p E {l,oo), j > and A^^ be independent of t . Assume 9 E (d+l—p,d+p—l) 
ifp e (1,2] and 9 e {d - l,d + 1) if p e (2,cx)). Then for any f = (/\ /^ • • • J'^') e M-^H^g the 
system m.l\) admits a unique solution u e MH^^'^, and for this solution we have 

\\M'\\\^.j2<N\\Mf\\Hi^, 

where N ^ N{'^, p, 9, S, K) . 

Remark 3.14. Theorem 13.101 and Theorem 13.131 hold not only for 7 > but also for any 7 < 0. 
This can be easily proved by using the results for 7 > and repeating the arguments used for single 
equations (see the proof of Theorem 5.6 of [TU]). 

4 Preliminary estimates : Some local estimates of solutions 

In this section we prove a version of Thcorcm l3. 101 for 9 = d. This result is used to derive some local 
estimates of D°'u for any multi-index a, where u is a solution of (j3.16p . 

First, we introduce some results for systems defined on the entire space. For —00 < S < T < 00 
we denote H;; (5, T) -.^ Lp{{S,T), H^^) and H;j(r) :=H2(0,r). 

Theorem 4.1. Lei 7 e M and -00 < 5* < T < 00. Let f e MJ{S,T) and u e H^+2(S',T) satisfy 

ut = A'^(t)u^^^, + /, t > 5, X- e M.^. 

Additionally assume u{S, ■) = if S > ~oo. Then 

lk..||j;.(s,j.)<iV(d,p,<5,i^)||/||^^(^^^^. (4.1) 

Also if —00 < S < T < 00, then 

lk||^...(^,,)<iV(d,p,J,/^,5,T)||/|l^.(^^^). 

Proof. This is a classical result. See, for instance. Theorem 1.1 of [15]. Actually in [15] the theorem 
is proved only when 7 = 0, but the general case follows by the fact the operator (1 — A)''/^ : 
mj{S, T) H^~^(5, T) is an isometry. □ 

Theorem 14. 1 1 vields the following result. 
Corollary 4.2. Let u e -.W^^) . Then 



Mlj(_^.^)<N{d,pAK) \\u,^A^u^.,A\l,^^^^^^y (4.2) 
Corollary 4.3. Let Q < T < 00, f' G Lp{T), and u e Hi(T) satisfies 

Ut = A^ it)u^.^, + , t e (0, T), X e 
with zero initial condition u(0) = 0. Then 

\\u,\\l^^^<N{d,p,S,K)\\fX^^Tr (4-3) 
\\ur^,^^^<N{d,p,S,L<,T)\\fX^^Ty 
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Proof. Remember 

Wmin-^ < ^lirik., h.lU. < N{\\u^4h-. + ||^i||L,(T)). 
By dHH) with 7 = -1, 



MuT)<N{\\n\uT) + \\u\\L,iT)). (4.4) 
Notice that, for any constant c > 0, the function u'^{t,x) u{c^t,cx) satisfies 

Thus for this function (|4.4p with c~^T in place of T becomes 

\\u4HT)<N{\\r\\uT)+c-'\\uhJ. 

Now we get (j4.3p by taking c — >■ cxd. □ 

Corollary 4.4. Le< u e Co°°(K'^;K'^i) and be independent oft. Then 

M'h-; < N{d,p,S,K) \\A^^u,.,,r^,^. (4.5) 

Proof. Take a nonnegative smooth function i]{t) £ C^(— 1,1) so that j^rf{t)dt = 1. For each 
71 = 1, 2, • • • , define rin{t) = n~^^Pri{t/n). Then applying (|4.2p for w„(<, x) := rjn{t)u{x), 



Now it is enough to let n — > cxd. The corollary is proved. □ 

Remember that for any f e M, (x^, x') £ R'', we defined 

Br{x) = {x^ -r,x^ +r) X Bl{x'), Qr{t,x) = {t,t + r^) x B,.(x), 

where B'^{x') is the open baU in R''-^ of radius r with center x'. By C,'^^(M'*+i; M'^i) we denote 
the set of M"*! -valued fimctions u defined on M'*+i and such that e C^f (M'*+^ M'^i) for any 
C e Co°°(M'^+^M). 

Theorem 4.5. Lei q € (l,oo) and (t, x) € R'''''"'^. T/ien f/iere exists a constant N, depending only 
on q, d,di,S and K so that for any A > 4, r > and u E C;'^^(R''+^; R''^ ), we have 

f f \u.j;x{s,y) - Ux^{r,z)\'^ dsdydrdz 

jQr-it,x)JQr-{t,x) 

< N\-'i -I \u^^\'idsdy + NX'^+'^ -I \ut + A^'u^.^A'' dsdy. 

Proof. See Theorem 6.1.2 of [13]. Actually this theorem is proved when di ~ \, and the proof is 
based on Theorem 14.11 Since Theorem 14.11 holds for any di = 1, 2, • • . , the theorem can be proved 
by repeating the proof of Theorem 6.1.2 of [13] word for word. □ 
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Corollary 4.6. Let u = u{x) G C;'^^(]R'*; M'^i) and A'^ be independent oft. Then for any x e M"*, 
A > 4 and r > 0, 



/ / \uxx{y) - Uxx{z)\''dydz 



< NX-'ij \uxx\'dy + N\''+^ \A''u^.,,\Uy. 
From now on we consider systems defined on a half space. Remember 



ml,{S,T):=Lpi{S,T),H;,), ^(g,^) := \\u{t, -^P^.^ Jt. 

Lemma 4.7. Let 7, 6* G M and p G (1, 00). 

(i) Let -00 < 5" < T < 00 and suppose u{t,x) G C(f (K x R'|_;R'*i) satisfies 

ut + A'' {t)u,.,, = /, {t, x) G {S, T) X Wi 
and assume u(T, ■) = if T < 00. 

\\^"^Kl-^is,T) ^ Nip,dAS,K) (\\M-\\\l^^,,^^^^^ + ||M/re;;,(5.T)) ■ (4-6) 

(ii) Ifu{x) G C^(R^;R''i) and A^^ is independent oft, then 

\\M-'ur < Nip,d,e,d,K) (wM-'uf , + ) . (4.7) 

Proof, (i). We proceed as in the proof of Lemma 5.8 of [10]. Denote Sn = e~'^'^S and T„ — e~^"r. 
By Lemma l3.1f iii) and 



n— — 00 

00 



< 

n— — oo 



where the last inequality is due to (|3.ip . Denote w"(t,x) = C(a;)w(e^"t, e^a;), then it satisfies 

+ A'J' (e2"iX.^, = e^'X{x)f{e^''t, e^rr) + 2e" A^^' (e2"t)C.u,, (e^^t, e"a;) + A" (e2"i)C..^i(e'"t, e"x) 

for {t,x) G (5„,T„) X M^. By dH]), 

I1-".IIh2(5„,t„) < ^^'"^llC(^)/(e^"t,e"x)||^.(^^_^^) 

+ Ne''^C,.u,,{e'"t,e''x)\\l,.^^^.^^^^^+N\\Cxxu{^^^^^ 
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where A'' is independent of n. Plugging this into (|4.8p one gets 

oo 

^' n— — OO 

oo oo 

n— — oo n— — oo 

This, (|3.4p and Lemma [??T] easily lead us to (|4.6p . Indeed, for instance, by (|3.4p 

oo 
n— — 00 

and by Lemma l3.1f iv) applied to M~^u in place of u, 

hx\\ml,{s,T) = \\DM{M-'^u)\\TSi-, js,T) < ^P^"^"IIh^V(s,t)- 
(ii) This is proved similarly based on (|4.5p . The lemma is proved. □ 

Remark 4.8. Let 7 > 0. By iterating (|4.6p . one gets 

where for the second inequality we use p.7p twice. We use both inequalities later to estimate 

Let {wl,wf, • • • , wf) be a d-dimensional Wiener process defined on a probability space (fi', J^, P). 
Denote 

Jo Jo 

and define dx d matrix- valued process trt so that {(Ttx)^ = e^'x^ and {(Ttx)' = x' + 0:^774. It is easy to 
check (see [TU], p. 1628) that Xt{x) := atx is the unique solution of the stochastic differential equation 

dxt = V2x]dwt + Sx^eidi, a;o(x) = x, 

where ei = (1, 0, • • • , 0). For any / e C(f (M^) and x G M'*, define 

/•OO p pOO 

£f{x) = E / fiatx) dt:= / /(ato;) dtdP. 



/o' Jo 



(See below for the convergence of this integral). Note that if < then {<Jtx)^ < and thus 
£/(x) = 0. Denote 



d 

Cu := APAu + 3MDiu = ^(MA)^ + 2A/7:ii. 



z=l 
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Lemma 4.9. Let f e C^f (M^). 

(i) £f G Lp{M.'^) and f = C{£f) in the sense of distributions on . 

(ii) There exist f^, • • • , E Lp{M.'^) so that f = MDiP in the sense of distributions on Mf'-, 

and 

d 

^wrWh^iwit) < ^ii/iIlp(r|)- 

i=l 

Proof. By Theorem 2.11 of [10] (with 6 ~ d and 6 = 3 there), the map £ is a bounded one-to-one 
operator from iJ^^ onto ip^d, and its inverse (:= C^^) is also bounded. Denote u := C^^ f G H'^.d- 
By Lemma [STT i) . there exists a sequence m„ G C^(R^[) so that u„ — > u in Denote fn{x) := 

Cun{x) for each x € R*^. Then 

/:u„ £m (= /) in Lp^d and ||u„ - Mmjlff^ ^ < A^||/„ - fm\\Lj,,a- (4.9) 

Obviously u„(a;) = fn{o'tx) = if < 0. By Ito's formula (see (2.10) in [10] for details), we get 

/>oo 

Un{x) =E fn{(Ttx) dt, Vx G K''. 



The convergence of this improper integral is discussed in the proof of Theorem 2.11 of [T^. Actually 
there it is shown that for any h E C^(M'[) (here, 6 ^ d and 6 = 3 in our case), 

/•oo 

\\h{<j,x)U,^Jt < N\\hU,,, / e-(''-'^+i)(''-i)*+('^-''+i)'*di = A^||/i|U„„ (4.10) 

Jo 

which also implies 

/"OO poo 

\\un-£f\\L,, = m fn{atx)dt-E /(a* x) 1 1 , < ^|| /n " / 11 , ^ as n^oo. 
Jo Jo 

Note Lp d = Lp(R'^). Since m„(x), fn{x), f{x) and £/ vanish if x^ < 0, it follows that 

£f\\Lp{M'^) ^ 0: ll/n - /||lp(K<') ^ (4.11) 

as n — >• cxD. Also (14. 9p and fact ||u„||j:f2 = j|£^-^/n||^2 < N\\fn\\L„a show that {MDun : n = 
1, 2, • • • } is a Cauchy sequence in Lp{M.'^). Indeed, since each u„ has compact support in R'j_, 

\\MDUn - A/£'Wm||ip(Rd) = \\MDUn - MDUrn\\L^,a < N\\Un - Mmllifi ^ < A^||/n ^ /mlUp,,;- 

Let C* denote the adjoint operator of C. For any </> € C^(M''), by (|I1T]) . 

(/,0) = lim (/„,0) = hm (£u„,0) = hm (u„,£*0) = (f/,£*0) = (£(£/), 0). 

n— >oo n— >oo n—>oo 

Thus / = ^{£f) in the sense of distributions on M'*. Also since u„ — > £/ in ip(M'') and {MDun} 
is a Cauchy sequence in Lp{R'^), we have MD£f e Lp(M''). Consequently, 

/ = C{£f) = MD,{MD,£f + 2£f) + ^ MD,£f =: ^ Af Af, 

j=2 i=l 
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and by (|ilT|) . 

i 

The lemma is proved. □ 

Now we prove a version of Theorem 13.101 for 9 = d. 

Lemma 4.10. Let -oo < 5 < T < oo, p e (1, oo) and n 0,1,2 ■■■ . For any f e M-'^W^^^{S,T), 
the equation 

ut + A'^ {t)u^^^, = ./, {t, x) G [S, T) X m.% 
with the condition u{T) — has a unique solution u G Si^'\^{S,T), and for this solution 

||M-iM||H„+2(5_y) < N{p,d,5,K)\\MfU^^^^<^s.T)- (4.12) 

Proof. As usual we only need to prove that the estimate (j4.12p holds given that a solution u already 
exists. Furthermore we may assume u{t,x) E C^(R x ]R;^;R''i). Due to Remark 14.81 and the 
inequality ^ < N{p, d)\\ux\\Lp a (see Lemma r3.1f iv)). we only need to prove 

\\u,\KASX)<mMf\kp^,is,T). (4.13) 

By LemmagH we can write Mf = MD,f' on K'^ (thus / = £»,/*), where P = {f^ , ■■■ , f^'^^), so 
that /' e Lp(5,r) (not only in Lp,d(5,r)) and 

d 

Lp,d(S,T)- 

Thus by Corollary 

\W\\l.,AS.T) = \WW,{S,T) < A^ll/ilL,(S,T) < N\\Mf\\i^^^^(^s,T)- 

The lemma is proved. □ 
For r,a > 0, denote 

Qr{a) = QriO, a, 0) = (0, r"^) x {a - r,a + r) x S;(0), Ur = (-r^, r^) x (-2r, 2r) x B'^iO). 
Lemma 4.11. LetO < s <r < oo, u{t,x) e C^(R x M^;M^'i) and 

Ut + A'^ {t)u^.^, = for [t, x) e Qr{r). 
Then for any multi-index P = {P^ , ■ ■ ■ ,13'^) there exists a constant N ^ N{p,\f3\) so that the inequality 

{\M~'^Df^u\P + \D^u^\P + \MD^u^^\P) {xy-'^dxdt 

Qs{s) 

< 7V(l + r)l'^lf •(l + (r-s)-2)(l'3|+i)P /" \Mu{t,x)\P{x^)'^-'^dxdt (4.14) 

jQrir) 

holds for 6 ~ d. 
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Proof. To prove (|4.14p we use induction on |/3|. Firstly, consider the case = 0. We modify the 
proof of Lemma 2.4.4 of [T^. Denote tq = s and = s + (r — s) X^Jli for m = 1, 2, • • • . choose 
a smooth function (^„j so that < C,„ < 1, 

Cm ==1 on Ur^ , Cm = OU 17 \ J/^^+i , 

|Cm.| < ^(r - 5)-i2"\ |Cm..| < Af(r - 5)-222", |C„,| < N {r - s)-^2^^. 
Note that (uCm)(?'^, a;) = on K'j_, and it satisfies 

By Lemma [4. 101 for 7 = 0, 

Am := ||il/"^uCm||H2_/r2) < ^P-'"/m||Lp,<j(r2) ■ 

Denote B := (/q^(^) \Mu\Pdxdty^'' . Then 

PCma'/«n+i).||L^ ,(,2) < N{r - s)-i2'"||AfK™+i),||L, ,(,2) < iV(r - sy^2"'\\uU+i\\Ml Jr^), 

and by Lemma 13.11 (v) (take po = pi = = l,jo = 0,ji = 2,9 = d,9o = d + p,9i = d — p and 
K = 1/2) for any £ > 

(r - s)-12-||<™+i||hi^(,2) < + £-i(r - ,s)-222™B. 

It follows (with e different from the one above), 

Am < sAm+i + N{1 + £-i)(r - s)-^2^'^B. 

We take £ = jq and get 

e™An < £"+M„+i + 7V£"(1 + e-i)22™(r - s)-^B, 

OO OO 

+ ^ e"M™ < ^ £"A™ + N{r - s)-^^. 

m— 1 m— 1 

Note that the series X]in=i ^'"^m converges because Am < iV2^™||Af~-'^u||][j2 ^(,.2). By Lemma 
[3TTiii). for any Af-^u; e ff^^, 

||A./-i«;||^2^ ~ {\\M-^w\\l,^, + \\w4L,,e + \\Mw,.\Ke)- (4.15) 

Therefore, 

[ {\M-\\P + \u^\P + \Mu^^\P)dxdt<NAP<Nir-s)-^P [ \u{t,x)\Pix^ fdxdt. 
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Next assume that (|4.14p holds whenever s < r and |/3'| = k, that is 

/ (\M-^D'^'u\P + \D^'u^\P + \MD^'u^^\p) [x^f-'^dxdt 
JQs(s) ^ ' 

< A^(l + r)'=P-(l + (r-s)-2)(fe+i)p /" \Mu{t,x)\P{xy~'^dxdt 

JqAt) 

Let \I3\ =k + l and L"^ = D,D^' for some i and (5' with = k. Fix a smooth function 77 so that 
?7 = 1 on [/„ 77 = on r! \ C/(,+,)/2, |?7x| < iV(r - s)-\ |77,,| < 7V(r - s)-^ and |?7t| < N{r - s)-^ . 
Note that v := ijD^u satisfies w(r^, •) = and 

vt + A'^v^.^j = f := T^tD^u + 2A*^'77^>D'^u^, + A^^ r]^„^,D^u, (i, x) e (0, r^) x M^[. 

By Lemma [4. 101 for 7 = (also note that < r on the support of -q and (r — s)"-'^ < 1 + (r — s)~^), 

||M"'«|I5;2 ^(,2) < N\\Ah^tD^u + 2A?7,A/i?''ii, + A/A77,,i^'37i||P^^^(^,^ 

< N{l + rf{l + {r - s)-'^Y [ {\DPu\p + \MD^u^\P)dxdt 

•'Q(. + r)/2{{s+r)/2) 

< N{l + r)P{l + {r~syy [ (\D^'u^\P+\MDf^'u^^\p)dxdt. 
This and (|4.15p show that the induction goes through, and hence the lemma is proved. □ 

Remark 4.12. The proof of Lemma [4.111 mainlv depends on Lemma HTTO] and it can be easily checked 
that the assertion of Lemma [4 . 1 1 1 holds for — Oq whenever Lemma [410] is true for 9 = Oq. Thus due 
to Theorem l3.10l (which will be proved in section [5]), Lemma [4.111 holds for 0e {d + 1 ~ p, d + p — I) 

if p e (1, 2] and 6* e (d - 1, d + 1) if p e (2, 00). 

Lemma 4.13. Let u{t,x) £ C^{R x ]R^;M''i). Then for any T > Q, p> 1 anrf n = 0, 1, 2, • • • , 

sup \\u{t,-)\\H;, < Af(||u||H" (T) + IktllH" (T))- 
te[o,T] 

Proof. Sec p. 66 of |13| : actually in this book, weights are not used and hence we give an outline of 
the proof. First of all, it is easy to check that for any = (j){t) G W^{{0,T)) (cf. p.32 of [B]) 

snpmw<N rmp+\^'{t)\p)dt. 

t<T Jo 

Thus it suffices to prove 

0(i) := h(<,-)lk;,« e W^{{0,T)), |</>'(i)| < |!u,(t, (4.16) 

One can prove (|4.16p by repeating the proof of Exercise 2.4.8 on p. 71 of jT3]. It is enough to replace 
there by H^g. □ 
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Lemma 4.14. Let < d, p > 1, s € (0,r) and u € C^^{n;W^^) satisfies ut + A'^{t)u^,^j = for 
(t, x) S Qrif)- Then for any multi-index /3 = /J^^ .. . ^^rf)^ 



max i\D^u^^\P + \Df^Ut\P) < N / \u\Pix^)'^-'^+Pdxdt, 

it.x)£Q,{s) JQr-ir) 

where N ~ N{s, r, 13, p, d, K). 

Proof. Choose the smallest integer n so that np > d. Let v S C§°{M.'^) satisfy v{x) = for x^ > 2r. 
The by Lemma [3TT] (m) with j = n, i = Q, 9 = d and u = M~"w, 

snp\v{x)\ < N{r) sup \M''^PM-"v{x)\ < N\\An\\H^^^ < N{r,p,n)\\D^v\\L^,, (4.17) 



where for the last inequality we use Remark 13.21 

Fix K € (s,r). Let -0 be a smooth function so that ■i/j{x) ^ 1 for {t,x) G Qs{s) and i/; for 
(t,x) ^ Uk- It follows from (|4.17|) and Lemma 03l that 

max (|Z?''m,,| + iD^Mtl) < N max KZ^'^i^u),,] 

< iV ^ / iD^ufdxdt 

|Q|<ri+|/J|+4"^'5K(K) 



< N 



[ lufix^Ydxdt <N [ \u\P{xy-'^+Pdxdt, 

Jo^(r) Jo^(r) 



IQr[r) JQAr) 

where the last inequality is due to the fact that 1 < N {r){x^Y^''' for x^ < 2r. The lemma is 
proved. □ 

Remark 4.15. Actually by inspecting the proof of Lemma 14.141 it can be easily shown that if Lemma 
14.111 holds for some 6*0 G (d - 1, d - 1 + p) then Lemma OH holds for any 9 e {d- l,9o]. 

5 Main estimates : Sharp function estimations 

Remember that we denote 

Vaidx) = v\{dx^)dx' := {x^)'^dx^dx' . 
The following is a weighted version of Poincarc's inequality. 

Lemma 5.1. Leta>0, pG [l,oo), A-(a) := (a-r,a + r) x B;,(0) cRf , anduG C^^{R'l;R'^^). 
Then 

I I \u{x)~u{y)\Piy^{dx),^a{dy)<2"+\2r)P\Dr{a)\ [ (5.1) 

J Dr(a) J Dr(a) J D^{a) 

where \Dr{a)\ := I'aiDrio-)) o,nd we define 

di 



\f{x)\P,^^{dx) = J2 I \fHx)\^Mdx) 

1. 1 J A 
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for -valued function f and A C f2. 

Proof. We use the outline of the proof of Theorem 10.2.5 of [T3|. Without loss of generality we may 
assume di — 1. For x,y ^ Dr{a) we have 

\u{x) - u{y)\P < (2rf \u.,{tx + {1 - t)y)\Pdt 
Jo 

and the left-hand side of ()5.ip is less than 

{2r)P [ I{t)dt = 2{2rf [ I{t)dt, 

Jo Jl/2 

where 

I{t) := [ ( \u,{tx + (1 - t)y)\Pv^{dx) v^{dy) 

J Dr{a) JDr{a) 

and / satisfies I{t) = /(I — t). For each t £ [1/2, 1] and y, substituting w ^ tx+ (1 — t)y and noticing 
= {w^ — (1 ~ t)y^)/'t < /t since y^ > 0, we get 

Ht) < / (/ \u,{w)\Piya.{dw)] u^idy) 

< 2"+i / ( / \u.Ax)\Pi^c.{dx)] v^{dy) 
= 2^+^\Dr{a)\ f \u^{x)\P,y^{dx) 

J Dr{a) 

with the observation t_Dr (a) + (1 — + ■ ^ £ Dr{a)} C Dr{a). Now, (|5.ip follows. □ 

Lemma 5.2. Let a > — 1. Recall vl^[dx^) = (x^)"c?x^. For any B^.{a) C we /laue a non-negative 
function ( £ C^(R.^;M.) such that 

r M 
supp{OeBl/^{a), / C{x^)vl{dx^)^l, sn^C-\Bl{a)\<N, sup |C.i | • |i?,^(a)| < -, (5.2) 

where N = N{a) and \B^{a)\ = iyi{B^{a)). 

Proof. Choose a nonnegative smooth function t/j ~ ip{x^) e {B^^^IO)) so that J^ip{x^)dx^ — 1. 
Define 

r r 

Then the first and the second of (j5.2p are obvious. 

Case 1: Let a > 0. Since r < a and (a + r)"+i - (a - r)"+^ < 2r(Q! + l)(2a)", the third follows: 
suplCI • |Si(a)| < N sup -^^^ • ((a + r)"+i - (a-r)"+i) (5.3) 

|a:i-a|<r/2 ^ 

< jV ^*^/^) " ■ ((a + r)°+^ - (a - r)"+^) < iV. 
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Similarly, the last inequality holds by 

^l\-a-l ^ 



sup I -15.^(0)1 < N sup ("1^^ + l^^l:l^y((a + rr+i-(a~rr+i) 

xi-a|<r/2 \ f ^ / 



< — (1 + -^ — )< 



Case 2: Let a E (—1,0). First assume r < a/2. Then by mean value theorem (a + r)"+^ — (a — 
^•ja+i <^ 2r(a + l)(a/2)" and thus the right term of (|5.3p is bounded by a constant N. If r G [a/2, a], 
then 

sup . ((a + r)"+i - (a - r)"+i) < M_l(2a)"+i < N. 

One can handle sup • |i?^(a)| similarly. The lemma is proved. □ 



Now we consider the system 

ut + A'^u,..,,^fl.+g, (t,a;)ef} = MxM'[; f = {f^\ . . . , f^'), (5.4) 

i.e., 

+ =i^^ + /, fc = i,2,...,di. 

Recall that for t e R, a e M+ and x' e R''-i 

Qr(t, a, a;') := (t, t + r^) x (a - r, a + r) x B,',(a;'), Qr{a) := (5r(0, a, 0). 

By Cf^^{Vl]W'-^) we denote the set of R'^^-valued functions u defined on VI and such that C,u € 
C(f(17;R''i) for any ( S C^(rJ;M). 

Lemma 5.3. Let a > 0, p e [l,oo), f\g e Cj'^jrj; R'^i). Assume t/iat u £ C^^{n]W^^) satisfies 
JJ.^I ) on Qr{a) C O. T/ien 

/ |ii(t,x)-UQ,_(,)|^/.„(dtda;) <iVr?' / (|u,(t, x)^ + |/(i, a;)^ + |5(t, x)r)Ma(dida;), (5.5) 

JQria) JQr-ia) 

where N = N{9, a, p, d, di , iiT ) . 

Proof. We follow the outline of the proof of Theorem 4.2.1 in [T3]. We take the scalar function 
C corresponding to B^{a) and a from Lemma 15.21 and take a nonnegative function (j) ~ 4>{x') G 
C^{B[{Q)) with unit integral. Denote ■q{x') ^ r~'^+^<j>{^), Dr{a) (a-r,a + r) x b;(0) as before, 
and for t G (0, r^) set 

"(0 := / av^)r^{y')u{t,yW{dy). 
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Then by Jensen's inequality and the weighted version of Poincare's inequahty (Lemma 15. ip . 

\u{t,x) — u{t)\^iya{dx) 

p 

{u{t, x) - u{t, v))C,{y^)-n{y')ua{dy) Va{dx) 



DAa) 



D,.{a) 



< I / \u{t,x)-u{t,y)\''C{y')Tl{y'W{dy)]i^a{dx) 



< I sup CI • I sup 7?| / / \u{t,x) - u{t,y)Y'va{dx)va{dy) 

Ux{t, x)\Piyaidx) 



r{a)JD,^{a) 

< Nr-'^+^\ sup CI • J^a(£'r(a)) 



< Nr-^+'lsup C\-i^iiBlia))r^-\'^ \u,it,x)\PMdx) 

JD^ia) 

< NrP f \u,it,x)\Pi^a(dx). 

JDr-ia) 



(5.6) 



We observe that for any constant vector c € R'^ the left-hand side of (|5.5p is less than 2 • 2p times 
\u{t,x) - c\Pfia{dtdx) <2P [ \u{t,x)-u{t)\Pfiaidtdx)+2P ly^iDria)) [ \u{t) - c\Pdt. 
By (|5.6p the first term is less than (|5.5p . To estimate the second term, we take 

2 

1 



u{t)dt. 

Then by Poincare's inequality without a weight in variable t we have 
i/„(D^(a)) / \u{t)-c\Pdt 



< N v^{Dr{a)) {r^)P 



C{x^)ri{x' )ut{t, x)va{dx) 



DAa) 



dt. 



(5.7) 



Remember ut = —A'^ {t)u^i^i We show that (|5.7p is less than (j5.5p . In fact, for handling 

the integral with g, using Jensen's inequality and taking the supremum out of the integral, we have 



Va{Dr{a)) r 



2p 



C,{x^)T]{x')g{t,x)va{dx) 



DAa) 



dt 



< lyo^iDria)) r^P \snp C\\ sup / \g{t, x)\Pi'a{dx)dt 

Jo JDr{a) 

< Niyl^{B^{a)y-^ r^P \ sup Clr'"^^' [ [ \git,x)\Piya,idx)dt 

Jo J Dr{a) 

< N{9,p,d)r^P I \g{t,x)\P^,^{dtdx), 

jQr(a) 

where we used | supCI v\{Bl{a)) < N fLemma l5.2p . 
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Next, we handle the integral with —A^^u.j.i.j.i. Fix Firstly, assume either i or j is 1; say 
j = 1. We use integration by parts and observe 



dt 



/1+/2. 



C,{x^)ri{x')A''\t)u^i^, {t,x)va{dx) 

p 

Ca,i {x'^)ll{x')A''^ [t)u.;^^ {t, x)Va{dx) dt 

— C,{x^)rj{x')A{t)u,^i (i, x)va [dx) 



D,.{a) 



dt 



For I2 wc use the fact j^'-'Uj.il < l^'-'UMj-ij < ii'lu^;! and 1/x < 2/r on the support of The 
argument handling the case of g easily shows 

h < N{K,9,p,d) rP [ \u,,{t,x)\Pfi^idtdx). 

JQAa) 

For Ii we use Holder's inequality and get 

v^{Dr{a))-\[ Q^iiA''u^^Vc.{dx)\P < i/„(-D.(a))P / \QirjA'^u,,\P 

JDr{a) JDr{a) 

< 7V(z.i(Bi(a))V''-i)^'-|supC.i|V-'^+i)f / \u,\PMdx). 

JDria) 



Since i/^(i?^(a)) • | sup^xl < N/r, it easily follows that 



h < N{K,e,p,d) rP / \u,{t,x)\Pfia.{dtdx). 

jQria) 

Secondly, if i, j 7^ 1, by integration by parts. Holder's inequality and the inequality sup \r}xi \ < Nr~'^, 



2p 



dt 



Va{Dr{a)) r 



2p 



C{x'^)rix, {x')A'^{t)ux,{t,xya{dx) 



Dr{a) 



dt 



< Vo.{Dr{a))P r 



2p 



C{x^)n,,ix')A'^t)u,4t,x) Vo,{dx) dt 

Ux\Ph'a{dx)dt 



JDr(a) 



10 JD^{a) 

< Nv^{Dria))P r^P - sup Id'' ■r"'^" 

< NrP [ lu^fiiaidxdt). 

•JQAa) 

For the integral with /% we use a similar calculation to the one of —A^^u^i^j and get for each i 



v,,{D.r{a))r^P 



DAa) 



dt 



< NiK,e,p,d)rP I \f{t,x)\Pfi^{dtdx). 



The lemma is proved. 



□ 



27 



Lemma 5.4. Let a>0,pe [l,oo), < r < a and u £ C^^^{n;E.'^^). 

(i) There is a constant N ~ N{K, 0, a,p, d, di) such that for any i ~ 1, - ■ ■ ,d we have 

u^i{t,x) - {u^i)Q^(^a)\^ t^a{dtdx) < NrP / {\uxx{t,x)\P + \ut{t,x)\P)fia{dtdx) (5.8) 

Qr-ia) ' JQr-ia) 

1 f Ulf„\\-1 f'*+'" /^^l^ 



(a) Denote kq = Ko{r,a) := i'^iiBria)) ^ ■ J^'_^ x^i^l{dx^). Then 



L{t,x) - UQ^^a) + Ko{u^i)Q^{a) - ^x\u^i 



^a{dtdx) 



< NrP / i\u4t,x) ~ {u.,)Q^(^a)\'' + rP\ut{t,x)\P +rP\u.,4t,x)\nfic.idtdx) 

JQr{a) 

< Nr^P [ {\uUt,x)\P + \ut{t,x)nt^a{dtdx) (5.9) 

jQ,-(a) 

Proof, (i) For (|5.8p we use the fact that for v = w^i, vt — A^^'^v^.j^m = {ut — A^™Uj.j^r,i)xi and apply 
Lemma [5731 with /* = ut — A^"^u^j^m for aU i. 

(ii) To prove denote v{t,x) := u{t,x) - {u)q^(^o.) + '^o('"xi)Q.(a) - Y.i^'i'^x-)Q^{a)- Then 

VQAa) = l^o{u^^)QAa) -y^^^lTTT^ i x" Va{dx)dt = , 

V - WQ,(a) = V, V^i = U^,. ~ (u^i)Q^(a), Vf - A'^V^i^j = g := Ut - A'^U^i^j. 

Now it is enough to use Lemma 15.31 and (|5.8p . The lemma is proved. □ 

From this point on we fix a := 9 — d + p (note a > 0) and denote 

1/ i^a, ly^ := v^, ^i{dxdt) = v{dx)dt = {x^f^'^+Pdxdt. 

Theorem 5.5. Let 6 € {d - 1, d], < r < a and Xr/a > 2. 

(i) Assume that u G C^^{Vl] W^'^) satisfies Ut + A'-' (t)M^i^j = in Q\r{to, a, Xq) fl. Then there 
is a constant N = N{K,d,0,p,d,di) so that 



4 \u^oi:it,x) - {Uxx)Q,{to,a,x[,)\^ tJ-idtdx) 

J Qr(to,a,x') 



^ n ^ X I w i \uxx{t,x)\Pfi{dtdx). (5.10) 

(1 + Xr/a)P jQ^^^t„^a,x'„)nn 

(ii) Ifu e C^^iRliR"^^), A'l is independent oft and A'^u^,^j = m Bxr{a,x'o) D E.^, then 

)\''Hdx) 

J Bj.{a,x'f^) 

^ n ^ w / \uxxix)\P,yidx). (5.11) 

(1 + Xr/a)P J B^Aa,x'o)nRl 
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Proof, (ii) is a consequence of (i). To prove (i), without loss of generality we may assume to = 0, 
x'q = and thus Qr{to,a,XQ) ~ Qr{a). 

Step 1. First, we consider the case a = 1. Note that 

1 + Ar r 1 2 

r<l, 2<Ar, /? < Ar, -<-<-, 2/3 = 1 + Ar. 

Thus, 

C Qxr{l) n r!, Q,/^(/3-') C g2/3(2/3). 
Denote w{t,x) = u{f3'^t, Px), then obviously 

u;t + A'^{l3H)w^,^j = 0, for € Qi(l) 

and 

/ |«..(<,x)-K,)Q^(i)r(xi)«-'^+^'dxd< < N{d) sup {\u,,,\P + \u,^t\P) 

< iV(d)/3-3p sup + 

< iv(d)/3-3p sup + 

Q2/3(2/3) 

Applying Lemma HJl to v{t,x) = w{t,x) - wq^(i) + k.q{w.j:i)q^(i) - J2'i=i^^i^xi)Qi{i}, and then 
using Lemma 15.41 



p-^P sup {\w,..\P + Iw^.tin < NT'" ^P^x^f-'+Pdxdt 

Q2/.3(2/3) JQi{1) 

< Np-^P [ \w^^\P{x^f-'^+Pdxdt 



J Quip) 

This leads to ((5l0l) since |OAr(l) n 17| - /3p+^+2^ 

Step 2. Let a 1. Define v{t,x) := u{a^t,ax). Then + A*^ (a^i)^^;;^;^ = in (5Ar/a(l) H fi. 
As easy to check, 

\Qr,a{l)\=Ci-'-P~^\Qr{a)l )q,/„ (1) = , | Q;,,/, (f ) H 1] | = a"''-''-^ | Q;,, (fl) H O | , 

and consequently 

/ \v,S.x) - MQ^,M\''i^'f"'^''dxdt = a^P / \u^^{t,x) - {u.^)Q^(a)Y'{^^y"'^''dxdt, 

/ \vUt,xWix'f~''^''dxdt = a^P~f \uUt,x)\Pixy-''+Pdxdt. 
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It follows 



= a-^P-f \v,,{t,x)\P{xy-''+Pdxdt 

N r 
[l + Xr/a)P jQ^^/^(i)no 
N 



- / \u,,{t,x)\P{xy-''+Pdxdt. 



{l + Xr/a)P 7Q^^(a)nn 

The theorem is proved. □ 

Remark 5.6. Note that Theorem 15.51 is based on Lemma [4.141 It follows from Remark 14.121 and 
Remark H?T51 that if p > 2 then Thcorcm [?31 holds for any 9 e (d- 1, d+l) (not only for 6 G (rf- 1, d]). 
Obviously we cannot use this result yet since Remark l4.12l is valid only after we prove Theorem l3.10l 

Lemma 5.7. Assume 6 E {d—l,d] if p E (2,oo) and 6 E {d — p+l,d] if p G (1,2]. Denote 
q := 6 — d + p which is in (l,p]. 



(i) Let u £ C^(M X R"^) and f :~ ut + A'^^{t)ur^i^j . Suppose that ^'■' (t) is infinitely differentiate 



and has hounded derivatives. Then for any £ > 0, Qr{to, a, x'q) C and {t, x) G Qr{to, a, x'q) 



)\'^fi{dyds) < eM{\uxxn{t,x) + NM{\f\'^){t,x), (5.12) 

J Qr(tn.a.x') 



IQr{to,a,x'g 

where N = N{e,e,q,d,di,S,K) 



(ii) Furthermore, if u £ C^{W\_) and A^^ is independent oft, then for any e > 0, Br{a,XQ) C M"^ 



and x € Br{a, Xq) 

\uxx - {uxx)BAa,.[,)\'Hdy) < eM{\uxxn{x) + NM{\A'iUx.xA''){x), (5.13) 

lBr{a,x'a) 

where N = N{e,e,q,d, di,S, K). 

Proof, (i) Without loss of generality we may take to = and x'q = 0; Qrita^a^XQ) — Qr{a). In 
fact, for other cases it is enough to consider the function w(t, x) := u(<o + t, 3;^, .Xg + x') in place of 
u{t, x^,x'). 

Step 1. We prove that there exists k = K(e) G (0, 1) so that (|5.12p holds if {r/a) < k. 
Let m denote the Lebesque measure on ]R'^'+^. Assume A > 4 and Ar < a/4. Then (3a/4) < x^ < 
(5a/4) if x^ S B\j.{a), and therefore 

(3/5),.«_.^td. ^ ^ ^ (5/3)^--^-^ on Q^a), 
m{Qr[a)) \Qr(a)\ m[Qr[a)) 

(3/5)...-.^^ < t^ < (5/3)^^^-'^^^ on QM. 
m(Q\r[a)) \Qxr{a)\ rn{Qxr{a)) 
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Denote cq := {h/iY+'^-'^. By Theorem g^l 

/ \Uxx - {u^x)Q^{a)\'^fJ'idsdy) 

JQ^a) 



nidsdy) ^{drd^) 

jQr(a)JQAa) \Qr{a)\ \Qr{a)\ 

< Cq / / \uxx{s,y) - u^x{t,C)\''- '^^^^ ^^^^ 



{a)JQAa) ' ' m{Qr{a)) m{Qr{a)) 

dyds , 2.-n f I ,o dyds 



< NclX^+^-f \f\'i^i{dyds)+Ncl\-'i j \uxx\''^Ji{dyds) 

< iVA'^+2M(|/|«)(t, x) + NX~m{\u,,n{t, x), 

where TV depends only on d, di,p, 9, S, K . Note that the above inequality holds as long as r\/a < 1/4. 
Now we fix A so that N\-i = e/2, i.e. A = (2iV/e)i/« and define k = 1/(4A) = 1/4 • (2iV/e)-i/«. 
Then whenever r/a < k we have {r/a)\ < 1/4 and thus (|5.12p follows. 

Step 2. For given e, take k = ^(e) from Step 1. Assume r/a > k. Choose A, which will be 
specified later, so that rX > 4a; this A is different from the one in step 1. Take a ( £ C^(R'^^^) so 
that Cit,x) = 1 for {t,x) e Q),r/2{a)nn and C(t,x) = if {t,x) ^ (-AV^ A^r^) x {-a,a + Xr) x B'^^. 
Denote 

Take a large T so that u{t, x) = ii t >T. By Lemma [4. 101 we can define v as the solution of 

vt + A'^v^,^j =h, te {S, T), v{T, = (5.14) 

so that V £ iDp^dl-S", T) for any n and S > -oo. Also let v £ SOp^ai^, T + 1) be the solution of 

Vt + A'^v^,^,=h, t£(S,T+l), v{T+l,-)^Q. 

Then by considering the equation for v on (T, T + 1), since h{t) = for t > T, we conclude v{t) ~ 
for t £ [T,T + 1]. Thus v also satisfies (j5.14p and v ~ v. It follows from p.6p that u is infinitely 
differentiablc in x (and hence in t) in Q. By applying Theorem 15.51 with p = q, 9 = d and A/2 in 
places of p, 9 and A respectively, 



)\'^pL{dyds) < N——————4 \vxx{t,x)\'^iJ,{dyds) 

Q.(a) (1 + Ar/2a)9 jQ^__^^(<,)nn 



^ ^JT^TT^i \vxx{t,x)\ifl{dyds)A5.l5) 

where p,{dsdy) := {y^Y~'^^Pdyds = {y^Ydyds = p{dyds). On the other hand, w := u — v satisfies 
w(T, 0=0 and 

wt + A'^w^.^, =5, ie(0,T). 
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By Lemma Oni 



\wyy\^iyydyds< \wyy\^{y'rdyds<N \f\'i{yy dyds, 

< N{K)\'^+\l + \r/aY+^-'^+^ i Ifl^fiidyds), (5.16) 

"'QAr(a)nO 

where for the second mequahty we use (1 + r/a)P+'^-'^+^ - (1 - r /a)P+'^-'^+^ > (1 + - 1. 

Observing that u = v + w, 



I : = f \uyyit,x) - iuyy)Q^(^a)\'^ii{dyds) 



< N{q) 4 \wyy(t, x) - {wyy)Q^(a) Vli{dyds) + N(q) 4 \vyy{t, x) - {vyy)Q^(a) \'' n{dyds) 

JQr(a) JQ^(a) 



< N{q)4 \wyy{t,x)\''fi{dyds) + N{q) 4 \vyy{t, x) - {vyy)Q^(^a)\'^ fi{dyds) 

jQr{a) JQr{a) 

and thus by ((5?T5l) and ((5?T6)) . 

/ < ^A'^+i(l + Ar/a)P+«-^'+i / |/|V(d2/rfs) 

jQxr{a.)r\n 

+N , I , / \vyy{t, x)\''fiidyds) 

< NX'^+\l + Xr/a)P+'^-^+^ -[ \f\yidyds) 

J(0,A2r2)x(0,a+Ar) 

< iVA'^+i(l + Ar/a)P+^-'^+i / \f\'i ^i{dyds) 

jQxr(a)nn 

Now to prove the first assertion it is enough to choose A so large that -^(jTjrjTy^ 1^ £■ Also note 
that since r/a > k, we have 

7VA^+i(l + Xr/a)P+'^'"^+^ < N{X, k). 

(ii) The second assertion is proved similarly based on Corollary 14.61 and (|5.1ip in place Theorem 
14.51 and (|5.10p . The lemma is proved. 

□ 

6 Proof of Theorem \3lT)\ and Theorem \3A3\ 

Firstly, we give an Lp-thcory for the following backward system defined on M x ]R'|_. 
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Theorem 6.1. Let p £ (1, oo). Assume 6 e (d- 1) ifp£ (2,oo), and Be {d+l-p,d + p-l) 
if p S (1, 2]. Then for any f G Lp^e("00, oo) the system 

ut + A'^ {t)u^^^, 

has a unique solution u in A/Hp g(— cx3, cx^) and for this solution we have 

P-'""t|lLp.,(-oo,oo) + W~^u\\ml ,{-oo,oo) < ^P//i|Lp,,(-oo,oo)- (6.1) 

Proof. If A^^u^i^i = Am = (Au^, . . . , Au'^i), then the theory of single equations is apphed and the 
theorem is true for any 9 £ (c? — 1, d — 1 + p); see Theorem 5.6 in [10]. Actuahy the mentioned 
theorem is proved for parabohc equations defined on (0,r) x M!^, but one can easily check that the 
proofs in [TO] work for equations defined on M x Wl^. 
For A G [0,1] and di x di identity matrix / we define 

^a'=«a):= (1 - A)yl^^ + 5*n<5/. 

Then for each A G [0, 1] the coefficient matrices {A^l : i,j — 1, . . . ,d} satisfy Assumption 13.81 with 
the same S, K. Thus due to the method of continuity, we only need to prove that a priori estimate 
(|6.ip holds given that a solution u already exists. Furthermore, since C^{M. x K."^) is dense in 
A/Hp g(— oo, oo), wc may assume that u G C^iM. x By Remark 14.81 we only need to prove the 

following: 

/ \uxx{t,x)\Pfi{dtdx)<N / \f{t,x)\Pfi{dtdx). (6.2) 

-oo Jr'1_ J-od /rJ 

To prove this we certainly may assume that are infinitely differcntiable and have bounded 
derivatives (remember that the constant N in (|5.12[) do not depend on the regularity of A*^ ). 

Case 1. Assume that either (i) p G (2, oo) and 6 E {d—l,d] or (ii) p £ (1,2] and 9 G (d — p+ 1, d]. 

Define q -.^ 9 - d + p. Recafi that the range of g G {l,p\. By Lemma [571 if u G C^{R x R'[), 
then for any e > 

{uxx)Ht,x) < eMi/«(|u,,|')(t,x) +iV(£)Mi/«(|ut + A^^u,.,.|')(t,a;). 

By Theorem [TTOl fFeflterman-Stcin) and Theorem (Hardy-Littlewood), 

\\MUxx\\hp,e{-oo,oo) = 
< 

< 
< 

This obviously yields (|6.2p 



\\Uxx\\Lp{Q,tJ.) 
N\\{Uxx)^\LpiQ,t,) 

Ne\\\uxx\%[]^^^,^^+N-N{em^^ 
Ne\\uxx\\L,in.,f.) + N ■ Nie)\\ut + A'^u..^.,, 
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Case 2. Assume that either (i) p £ (2, oo) and 9 e [d, d+ 1) or (ii) p G (1, 2] and 6 e [d, d+p-1). 
By Remark 14.81 we only need to prove the following: 

\M-^u{t,x)\P{x^)''-'^dxdt<N[ f \Mf{t,x)\P{xy-'^dxdt. (6.3) 

To prove this, we use a duality ('Lemma l3.3p . Denote p' = p/{p— 1) and choose so that 6/p + 9/p' = 
d. Then e e{d-l,d] if y e (2,00) and 9 e {d- p' + l,d] if p' e (1,2]. 

Changing the variable t shows that the result of case 1 is applicable to the operator 

ut — A^^u^i^j in place of ut + A^^u^i^j. Therefore for any v G MlP, ^(— oo,oo), by integration by 
parts, 



M ^uM{vt - A''^v^i^j)dxdt = j u{vt - A^^ Va:'x^)dxdt 

M{-ut - A^u^,^,)M~^vdxdt 



+ 



< |lM(ut + ^'-'u^i^j)||Lp_e(-oo,oo)||A^ ^I'lkp,, -(-00,00) 

< A^||A/(Mt + ^'■'Wxii^i)||Lp,8(-oo,oo)pf(wt - ^*''Wi^'2-j)||Lp,,9(-oo,oo)- 

Since, by Case 1, {vt — A^v^i^i : v € MH^, ^(—00,00)} is dense in M~-'^Lp, g(— 00,00), it follows 
that 

,(_^,^) < N\\M{ut + A*^Wx-..)llL,,e(-oo,oo)- 

The theorem is proved. □ 

Proof of Theorem 13.101 As usual, we assume — Q. For details see the proof of Theorem 
5.1 in [g. 

Case 1. Let T = 00. As before we only prove the a priori estimate. Suppose u G iOp^^(oo) 
satisfies 

ut = A^u,.,,+f, t€{0,T); u(0,-) = 0. (6.4) 
Define v{t, x) = u{t, x)It>o and / = ,fIt>o, then v G A/^^H^ g(— 00, 00) and v satisfies (see Definition 

EH) 

By Theorem EH 

P/"..||l„.(oo) <^I|m/||l^^,(^). 

By Remark 14.81 this certainly proves p.l7p . 



Case 2. Let T < 00. The existence of the solution in jOp^^(T) is obvious. Now suppose that 

.7+2, 



u e g (r) is a solution of (|6.4p . By the result of Case 1, the system 

vt^Av + {A^u.,..,,+f-Au)It<T, t>0; f (0, •) = (6.5) 
has a unique solution v e •iOp^^(0, 00). Then v — u satisfies 

{v-u)t^ A{v~u), tG{0,T); (1; - u)(0, •) = 0. 
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If follows from the theory of single equations (see, for instance, Theorem 5.6 in [IH]), u = w for 

t e [0,T]. For t > 0, define 

Then (|6.5I) and the fact u — v ioi t & [0, T] show that v satisfies (replace u by w for t < T in (|6.5I) ) 

= + //t<T, t > ; w(0, •) = 0. (6.6) 

By Case 1, w € .^^^^(oo) is the unique solution of (|6.6p . and m = on [0, T] whenever w is a solution of 
(|6.4p on [0,r]. This obviously yields the uniqueness. The theorem is proved. □ 

Proof of Theorem 13.131 The proof is very similar to that of the proof of Theorem 13.101 and 
is based on (j5.13p . We leave the details to the readers as an exercise. 
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